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https://youtu.be/A7mPzrNJHkA
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https://www.youtube.com/watch?v=BBsyM7RnswA
https://www.youtube.com/watch?v=9xU6T7hQMzs
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https://youtu.be/9fI3iM2jrmI

N=4 SELF-
INTERSECTING



https://www.youtube.com/watch?v=SvAtvD6AMLo
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PENTAGRAM
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https://youtu.be/ECe4DptduJY
https://www.wolframcloud.com/objects/user-abf31092-d7c1-4e49-8701-dc65d547b021/pentagram%20N=5
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PERIMETER IS MAXIMAL & CONSTANT
[INTEGRABLE HAMILTONIAN]
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OUTLINE
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® | oci of Triangular Centers
= Mittenpunkt is Stationary
= Two Constants of Motion
= Experimental Setup

= Conclusion

® Videos / Questions
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ON THE INCENTERS OF TRIANGULAR
ORBITS IN ELLIPTIC BILLIARD

by Olga ROMASKEVICH *)

ABSTRACT. We consider 3-periodic orbits in an elliptic billiard. Numerical
experiments conducted by [Dan Reznik| have shown that the locus of the centers
of 1nscribed circles of the corresponding triangles 1s an ellipse. We prove this fact by
the complexification of the problem coupled with the complex law of reflection.

LOCUS OF IS ELLIPTIC, 2013
PROF. OLGA ROMASKEVICH,
UNIVERSITE DE RENNES, FRANCE
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https://pdfs.semanticscholar.org/e0a4/4c62befebf56472cda62589dacbc404f8710.pdf
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CENTERS OF INSCRIBED CIRCLES IN TRIANGULAR
ORBITS OF AN ELLIPTIC BILLIARD

RONALDO A. GARCIA™

ABSTRACT. The locus of centers of inscribed circles in triangles, the 3-
periodic orbits of an elliptic billiard, is also an ellipse. In this work we
obtain the canonical equation of this ellipse, complementing the previous

results obtained by O. Romaskevich [in [7].

LOCUS OF IS ELLIPTIC, 2016 (I)
PROF. RONALDO GARCIA
UNIVERSIDADE DE GOIAS, BRAZIL
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https://arxiv.org/pdf/1607.00179v1.pdf

I
On the circumcenters of triangular orbits in elliptic

billiard

Corentin FIEROBE, Ecole Normale Supérieure de Lyon, Unité de Mathématiques
Pures et Appliquées, UMR CNRS 5669, 46, allée d’'Italie, 69364 Lyon Cedex 07,
France ; e-mail : corentin.fierobe@ens-lyon.fr

Abstract

On an elliptic billard, we study the set of the circumcenters of all tri-
angular orbits and we show that this is an ellipse. This article follows [17],
which proves the same result with the incenters, and [5], which among others
introduces the theory of complex reflection in the complex projective plane.
The result we present|was found at the same time by Ronaldo Garcia in an |
article to appear in American Mathematical Monthly (no preprint available).

Hic nranf nicac namnlataly Aiffarant mathnde Af raal diffarantial faleanlne

LOCUS OF CIRCUMCENTER IS ELLIPTIC, 2019 (I1)
CORENTIN FIEROBE,
ENS-LYON, FRANCE
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https://arxiv.org/pdf/1807.11903.pdf

Centers of mass of Poncelet polygons, 200 years
after

Richard Schwartz* Serge Tabachnikov'

1 A letter from Saratov

During his last trip to Moscow, the second author of this article came into
possession of a remarkable mathematical letter. The custodian of the letter,
a Russian businessman X who wished to remain anonymous, presented the
letter to Tabachnikov at the end of his lecture on configuration theorems
in projective geometry [11] (like many successful contemporary Russian en-
trepreneurs. Mr. X has a degree in mathematics).

LOCUS OF BARYCENTER (FORALL N) IS ELLIPTIC, 2016
PROFS. RICHARD SCHWARTZ (BROWN) & SERGEI TABACHNIKOV (PENN STATE)
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http://www.math.psu.edu/tabachni/prints/Poncelet5.pdf

e, C 2K Kimberling's

ENCYCLOPEDIA OF TRIANGLE CENTERS - E'TC

- - - - e [

This is PART 1: Introduction and Centers X(1) - X(1000)

IPART 1: [Introduction and Centers X(1) - X(1000)|
IPART 2: [Centers X(1001) - X(3000)

IPART 3: [Centers X(3001) - X(5000)

IPART 4: [Centers X(5001) - X(7000)

IPART 5: [Centers X(7001) - X(10000)

KI M B E RLI N G ’ S IPART 6: |Centers X(10001) - X(12000)
IPART 7: |[Centers X(12001) - X(14000)

IPART 8: |Centers X(14001) - X(16000)

E N CYC LO P E D IA IPART 9: [[Centers X(16001) - X(18000)
IPART 10:|[Centers X(18001) - X(20000)

|
|
|
|
O F T RI A N G U L AR IPART 11:]|Centers X(20001) - X(22000)
|
|
|
|
|
|
|
|

IPART 12:|[Centers X(22001) - X(24000)
C E N T E RS ( ) [PART 13:]Centers X(24001) - X(26000)

IPART 14:|Centers X(26001) - X(28000)
IPART 15:][Centers X(28001) - X(30000)
IPART 16:|Centers X(30001) - X(32000)
IPART 17:|Centers X(32001) - X(34000)
IPART 18:|Centers X(34001) - X(36000)
IPART 19:|Centers X(36001) - X(38000)
IPART 20: [ Centers X(38001) - X(40000)



https://faculty.evansville.edu/ck6/encyclopedia/ETC.html

ELLIPTIC LOCI



https://youtu.be/MRtH6lZ0DSo

MITTENPUNKT



HUNTING FOR
A FIXED POINT

d
Christian Heinrich von Nagel
(1803-1882)




MITTENPUNKT



https://youtu.be/tMrBqfRBYik

PROOF SKETCH
(PROF. OLGA ROMASKEVICH)

-



a=150,N=5, a=300,1=2139 ___ . _ a=150,N=6,@=300,r=2500 a=1.50, N=7, a=30.0, r=2.872

—

GENERALIZE MITTENPUNKT FOR N>3
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CONSTANTS
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THREE LITTLE
CIRCLES
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— a=125
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| —a=175
| — a=2.
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CIRCUMRADIUS
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a1.50, N=3

09 — —
SN T~ N~ X
0.7 :

06| : — ¥cos/2
il i — o=l
0.3 ' — cos(B)
0.2

01 : / — cos(C)
D 1

-0.2L

SUM OF COSINES = CONSTANT
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From: <Dan> To: <Sergei>

Dear Sergei, the r/R and sum of cosines is constant over all
orbits!

From: <Sergei> To: <Dan>

Dear Dan, sorry to disappoint you: this identity holds in every
triangle (without relation to billiards
MAY 61,2019 gle { )

From: <Dan> To: <Sergei>
r Dear Sergei, we were aware of the identity. But they are both
 — 0. staying constant over all orbits!
R T l

From: <Sergei> To: <Dan>

Oh, | see: the claim is that for a triangular orbit the sum of
cosines is an integral.

3
1=1




WHAT ABOUT
N>3?
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N=4:
MONGE’S
ORTHOPTIC
CIRCLE

Gaspard Monge
(1746-1818)



https://youtu.be/nMGheF5t1bE

CONVERSATION WITH JAIR
MAY 29,2019.

N=3:Triangle

* r/R = constant
* r/lR = |+cosA+cosB+cosC

N=4: Parallelogram
* Consecutive angles supplementary:
cosA=-cosB, cosC=-cosD
* So: cosA+cosB+cosC+cosD=0
N=5: Pentagon
* Dan: Could it work?
* Jair: Try it!!!

(C) 2019 DAN S. REZNIK 39



N=5 WORKS

(C) 2019 DAN S. REZNIK
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> cos(8;) stacked: a=1.50, N=5
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JULY 3RD,2019

= From: <Sergei>, To: <Dan>

Dear Dan: Richard and | have a proof
that the sum of cosines is constant.
Best, Sergei

® From: <Dan>,To: <Sergei>

Wizardry!

(C) 2019 DAN S. REZNIK




SKETCH OF PROOF (TABACHNIKOV ET AL.) P;

Joachimsthal
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= Y cos(2a;) = 2c);

—Vf(P)

" cosa=— ; cos(2a) = 2 (cosa)?—1

Prove: ), cos(2a;) is constant

1

— N
IVf(Py)I?

over orbit as

. 1
= Complexify and analyze the poles of 2\ o=~

function on elliptic curve covering the conic

1
IVF(P)|?

" So one has a meromorphic function without poles, hence a constant.

cancel each other

= Show complex poles of ),

n-—1 o
= |n fact, there are — conserved quantities.
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EXPERIMENTAL
PLAYGROUND
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https://www.wolframcloud.com/objects/user-abf31092-d7c1-4e49-8701-dc65d547b021/triangle%20in%20elliptic%20billiard%20v1
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. a=1.50,t=0°

HUNTING 2 —

anticomplementar
“2r passa perto
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Prof Ronaldo Garcia Q @ :

TU TOWAaICI Tl wasaga awc as vl o 8:42 AM \//

ontem dei um break ...,

vamos la. Vou enviar por pedacos. P1=(x1,y1) na elipse (a,b)

8:44 AM

-(2*(2*sqrt(3)bA2*x1-y1*ar2+3*bA2%y1))*ar2*m”3+(2
(2*yT1*ar2*sgrt(3)+a”2*x1-3*x1*bA2))bA2*mA2-(2
(2*sqrt(3)bA2*x1+3*y1*ar2-bA2*y1))*a " 2*m+(2
(2*yT*ar2*sqrt(3)-3*a”2*x1+x1*b"2))*b*2=0 (m= inclinacao
da reta tangente passando por (x1,y1). Y

P3=(((2*a”2*m"2*y1+2*x1*(@*2+b"2)m-
2*y1*ar2)*sqrt(3) +x1(a"2-
3*bA2)mA2+4*yT*m*ar2+3*an2*x1-x1*bA2)/((2*a2-
2*b /" 2)*m*sqrt(3)+(a*2+3*b"2)*m~*2+3*a”2+b"2),
(2*bA2*m~A2*x1-2*y1(a*2+b A 2)m-2*x1*b A 2) *sqrt(3)-y1
(@h2-3*bA2)*mA2+4*b A2 m*x1-3%y T a2+ b A2 y 1) /((2*a" 2-
2*b A2y m*sqrt(3)+(@”2+3*bA2)*mA2+3*ar2+b A 2))

8:45 AM
P2=((m*(m*x1-2*y1)*ar2-x1*b"2)/(@a”2*m"2+b"2),
((-2*m*x1+y1)*br2-ar2*mA2*y1)/(@”2*m"2+b " 2))

8:46 AM

se nao tiver errado, resolvendo a raiz cubica (variavel m) o

triangulo (P1,P2,P3) e equilatero. e A

sensacional

8:47 AM

(C) 2019 DAN S. REZNIK 52



Jair Koiller Q
N last seen today at 2:31 PM

#or isso tb funcionava SR

estou tentando ver se entendo geometricamente para solucao geral

9:27 AM

acho que consegui e e' muito simples 10:00 AM

te mando uma figura dq a pouco

10:01 AM

prova de M1 M2 ficar constante ———

EUVE 40

(C) 2019 DAN S. REZNIK 53



MY LEARNING PROCESS

O @ O

CURIOSITY EXPERIMENTATION LEARNING (RE)DISCOVERING

(C) 2019 DAN S. REZNIK
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Invariants for VNN
“Mittenpunkt” stationary at billiard center

Integrals of motion:

MAIN RESULTS > cosb; =k

& QUESTIONS ] cos Hl-' =k’

Open questions:

Elliptic vs non-elliptic loci?

Non-euclidean invariants!?




@ New Properties of Triangular Ort: X +

&« & @ dan-reznik.github.io/Elliptical-Billiards-Triangular-Orbits/ ¢

: Apps ENCYCLOPEDIA OF.. @ Triangular Orbitsin.. (€ WhatsApp Web GitHub

New Properties of
P Triangular Orbits in
4 Media by the Authors Elliptic Billiards

OUR WEBPAGE:

5 Glossary of Terms Dan Reznik, Ronaldo Garcia, Jair Koiller
6 Appendices Last update: 2019-07-17 14:51:37
References
Downloads
« PDF

e LaTeX: tex, figures, bib, media bib, csl
» RMarkdown: create html, create pdf, common child

1 Introduction

I'm going to assume that you love beautiful
things and are curious to learn about them.
The only things you will need on this
journey are common sense and simple
human curiosity. (Lockhart 2009)



https://dan-reznik.github.io/Elliptical-Billiards-Triangular-Orbits/

@ New Properties of Triangular Ort: X +

< C' & dan-reznik.github.io/Ellif -Billiards-Triangular-Orbi... & ¥t

it Apps ENCYCLOPEDIA OF... @ Triangular Orbitsin.. (€ WhatsApp Web GitHub

1 Introduction 4 Media by the AUthorS

2 Results 4.1 VideOS

3 Conclusion
Videos below have been organized in a single playlist.

Original (2011) Videos

4 Media by the Authors

4.2 Images

1. “Periodic trajectories in elliptic billiards”, 2011. video1, videoz2, videog
4.3 Applets

&

. “Locus of incenter is elliptic for family of triangular orbits in elliptic billiard”, 2011. video

4.4 Code 3. “Locus of the incircle touchpoints is a higher-order curve”, 2011. video

5 Glossary of Terms . .
’ ’ Loci of Triangular Centers
6 Appendices

1. "Triangular Orbits in an Elliptic Billiards and its Derived Triangles, 2019. video

2, “Elliptic Billiards and Triangular Orbits: Locus of X(i), i=1,2,3.4”, 2019. video

3. “Locus of several triangular centers is elliptic”, 2019. video

4. “Locus of the Mittenpunkt is the center of the elliptic billiard”, 2019. video1 and video2

5. “Locus of ex-Feuerbach points is non-elliptic”, 2019. video

6. “Triangular Orbits in Elliptic Billiards: Elliptic Locus of the Bevan Point X(40), Similar to
Billiard”, 2019. video

References

Feuerbach Point Phenonema

1. “Locus of Feuerbach point and the three extouch points is the internal caustic to the orbits”,
2019. video1 and video2

2. “Locus of the anticomplement of the Feuerbach point is the billiard itself”, 2019. video1,
video2

3. “Elliptic Billiards: Feuerbach point and derivatives sweep billiard and caustic”, 2019. video1,

video2



lliptical-Billiards-Triangular-Orbits/#4_media_by_the_authors
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Jair: jairkoiller@gmail.com
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Dan: dreznik@gmail.com
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a=1.50; t=30°

Ps
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a=1.50; t=30°
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a=1.50; t=30°_
2L
1k
a P3
-1k
-2
= = o 1 2

(C) 2019 DAN S. REZNIK 66



a=1.50; t=30°
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a=1.50; t=30°
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a=1.50; t=30°
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a=1.50; t=30°

Prof. Igor Minevich
Boston College
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|
a=1.50; t=60°
1 I \ I T I T I T I I I T T T 1
‘I‘ I
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"I rJ 1 s
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'|.1I - T, - jl b X-‘I ( )
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https://youtu.be/TXdg7tUl8lc

IN GENERAL
LOCI ARE NON-
ELLIPTIC

W/ 700

(C) 2019 DAN S. REZNIK

X(99): STEINER POINT

orbit

medial



https://dan-reznik.github.io/Elliptical-Billiards-Triangular-Orbits/loci_6tri.html

NON-ELLIPTIC LOCI:

1) MEDIAN

2) INTOUCH

3) FEUERBACH TRIANGLE

(C) 2019 DAN S. REZNIK 73


https://youtu.be/OGvCQbYqJyI
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CANYOU GET
A CIRCLE FROM
AN ELLIPSE!?
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Jean-Gaston Darboux
1842-1917

PONCELET-
DARBOUX GRID



https://www.youtube.com/watch?v=ECo1hTCVuDg

Jean-Gaston Darboux
1842-1917

MONGE-DARBOUX
CIRCLES:
A COMMON RULE

(C) 2019 DAN S. REZNIK

a=1.50, N=4, a=40.0, r=1.803

a=1.50, N=5, Zyy,,=4.0+10"-15

77


https://youtu.be/dINE4aH1cvk

STATIONARY

CIRCLES FOR
ALL!

(C) 2019 DAN S. REZNIK

a=1.50, N=3, a=0.0, r=1.544

a=1.50, N=4, a=0.0, r=1.803

a=1.50, N=5, a=0.0, r=2.139
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https://youtu.be/EFeINGIDFrg

(C) 2019 DAN S. REZNIK

&l This is a very nice fact. | did not know it

before.Theorems of this type can be
seen by analyzing a projective Poncelet
picture. --Arseniy Akopyan, July 13,2019

| didn’t know this fact, and | don’t know
whether it’s new. However, here is an
easy proof. --Sergei, July 13,2019

This new phenomenon doesn't seem to
follow from the Poncelet Grid [...] |

don't really see how to prove this circle
result right away. --Richard, July 16,2019
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MEET THE

COSINE CIRCLE
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http://mathworld.wolfram.com/CosineCircle.html

SYMMEDIAN
POINT X(6)
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SYMM OF

EXCENTRAL =
MITTEN OF

REFERENCE
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COSINE CIRCLE
CONSTRUCTION

(C) 2019 DAN S. REZNIK
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SIMPLER COSINE
CIRCLE
CONSTRUCTION




RADIUS OF COSINE CIRCLE IS NON-LINEAR ON SIDES

(C) 2019 DAN S. REZNIK
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RADIUS REMAINS

CONSTANT FOR
ALL ORBITS!



https://youtu.be/ACinCf-D_Ok
https://youtu.be/CrOSI8d8qDc

APPENDIX



The caustic \» = &

Jacobi showed in 1838 that the Hamiltonian system for the geodesics in a
triaxial ellipsoid can be explicitly integrated. Later, in his Vorlesungen, he
used used confocal quadrics coordinates in n + 1 dimensions. For n = 2 one
has ) ) ) ;
T y z .
+ + =1, a>M>2b>X>c> A
a— X b—X c—A\ t=lmem e :

fixing A3 = 0. The method is now called Hamilton-Jacobi's and paved the i
way for the theory of integrable hamiltonian systems. One verifies first that
the kinetic energy kind of separates in variables A1, A2 . Then the generalized
velocities A;, A2 can be integrated by quadratures.

The elliptic billiard then results from making the smaller axis ¢ — (.
One obtains a double faced elliptical region, parametrized by confocal conics
given by A; = const (hiperbolae) and Ay = const (ellipses). The foci are at
Al =X =b,s0 xz =+/a—b, y=0. The billiard is the outer ellipse Ay = 0.

When one successfully applies the HJ method, a generating function for
a suitable canonical transformation is produced, so that besides the value
of the energy, additional n — 1 integrals of motion pop out. In the elliptical
billiard one recognizes the second integral as the product M = M; My of
the angular momenta with respect to the foci.



There are two regimes according to the sign of M.

M = 0 corresponds to the trajectories passing through the foci. Consider
for instance the regime M > 0. Defining x = b — M/2h (see below), a closer
look at the generating function shows that 0 < Ay < x < b. This means that
that the projection of the trajectories in phase space to the configuration
space are confined to the annular region between the ellipses corresponding
to Ay = 0, and Ay = x. Thus the inner ellipse

:Il’2 yg

is a caustic curve for the projections of the (Lagrangian) torus corresponding
to fixing the values of h and M.



. ____________________________________________________§ _________________________________§ |
Joachimsthal: M, M, is conserved

Before the collision:
M, =ty sin(mr — v — B) = {1sin(y+ B) , My = €5 sin 8.
After the collision:

My = lysin(m — v — B) = €ysiny+ B8) , My = ¢, sin B.



2 2
T 1

+ 2 =1
a—Kk b—Kk

Fi = (£vVa - 0,0)

To prove these
relationships, just get the
coordinates of X,

M = MM,y = v*(b - k)




The “stroboscopic” integral (-AX,V) = ¢
Let A = diag(1/a,1/b),a > b > 0, so the ellipse is given by
(AX,X)=1, ie 2*/a+vy*/b=1 .

Take two consecutive bounces in the elliptical billiard

Xi = (xi,y:),i=0, 1.

The respective outgoing unit vectors are X
XI - X:’J %
Vo= ", V1 =V, -2a N,
i |X| . Xﬂ| i
AX 1

N

—~ = (z1/a, 1 /b), a=(V,, Ny
| AX| \/;::f/r.tz+yf/h3( / /b) ( )

?
(AX,,V,) = (AX1, V)



The left hand side is

co = (AX,, Vo) =d (zo(x1 — x0)/a,yo(tn — yo)/b) = d(xgxr1/a+y,y1 /b—1)

where
1

V(@ —20)2 + (y1 — yo)?
Let us compute the right hand side, given by

c1 = (x1/a,y1 /D) - (V,, — 20v f\ﬁﬁ) :

A quick calculation yields

d =

cr/d = |x1(xy — xo)/a+y1(sn — Yo) /b — 2[x1(21 — 20)/a+ 11 (y1 — yo) /)

Taking into account that z2/a+ y2/b=a2/a +y>/b=1,
we observe that the multiplicative factor 2 makes the 41 to become -1 and
the product z,21 — yoy1 to change sign.,

c=(1-X,AX1)/| X1 — X,




OVERFLOW



Gaspard Jean-Victor
Monge Poncelet
1746-1818 1788-1867
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Karl Wilhelm Christian Heinrich Ferdinand Jean-Gaston
Feuerbach von Nagel Joachimsthal Darboux
1800-1834 1803-1882 1818-1861 1842-1917
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PROOF OF % CONSTANCY

® |ncenter locus is elliptic [Prof. Romaskevich]

. A r .
= Area ratio: = = — [Prof. Garcia]
Ao 2R

® Both are stationary => r/R constant.

96
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>cos and JJcos vs N

— 100+«[]cos
— Y CO0S




|
r!R vs a/b

05~
0.4}

0.3}

r'R

0.2

0.1}

CONSTANT INRADIUS/CIRCUMRADIUS
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“Nature uses only the longest threads to weave her patterns, so
each small piece of her fabric reveals the organization of the

entire tapestry.”

— Richard P. Feynman

(C) 2019 DAN S. REZNIK




Poncelet Giagind
Porisms

Hyperelliptic Curves
and Their Jacobians

and Beyond

Exercise 3.7. Let f be a meromorphic non-constant function on a compact Rie-
mann surface. Prove that, for each z € C U {oc}, the set f~!(z) is not empty.

(C) 2019 DAN S. REZNIK

100



CIRCUMBILLIARDS

AND

101
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https://youtu.be/vSCnorIJ2X8
https://www.wolframcloud.com/objects/user-abf31092-d7c1-4e49-8701-dc65d547b021/circumbilliard%20and%20anticomplementary

NINE-POINT
CIRCLE
X(3)




.[)'.'.' .;.‘f l\'.'-‘".‘ _‘\-.‘II-"‘.'(‘.”MI.‘,’LJ “I.L‘L ".".‘L"‘L".:\Tl'

Calculus and Analysis > Dynamical Systems >

Integral of Motion

A function of the coordinates which is constant along a trajectory in phase space. The number of degrees of freedom

CITE THIS AS:

Weisstein, Eric W. "Integral of Motion." From MathWorld--A Wolfram Web Resource.
http://mathworld.wolfram.com/IntegralofMotion.htm|

(C) 2019 DAN S. REZNIK 103



WONDER FORMULA lI:

orthic

cos 8, cos B, cos O3 |=|—
4Ry
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LOCUS / LOCI
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BRAZILIAN HOMAGE TO GASPARD!
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https://youtu.be/PHitZFbps8M

ELASTIC
TRAJECTORY
ELLIPTIC
BILLIARD



http://demonstrations.wolfram.com/DynamicBilliardsInEllipse/

EXCENTRAL OBJECTS:

1) EXCENTRAL
TRIANGLE

2) EXCIRCLES

3) EXTOUCHPOINTS

(C) 2019 DAN S. REZNIK 108



PAUL LOCKHART:

= Mathematics is about removing
obstacles to our intuition and keeping
simple things simple.

= Math is not about following
directions, it’s about making new
directions.

(C) 2019 DAN S. REZNIK

ithematician’s
Cament

Out of Our Mes! Fascinating
and Imaginalive Art Form

Paul "ockhart
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TRYING TO FIND
GOLD INA

SILVER MINE ‘

TRYING TO
DRINK WHISKEY
FROMA BOTTLE
OF WINE
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| THE EASYRIDER GENERATION IN CONCERT
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GARRINCHA E BILHARES:
JA COMBINOU COM OS RUSSOS!?

' '2\'; o4

i
FA A
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X(100):
ANTICOMPLEMENT
OF FEUERBACH
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TRILINEARYVS BARYCENTRIC COORDINATES
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A Property of Parallelograms
Inscribed in Ellipses

Alain Connes and Don Zagier

1. INTRODUCTION. The following surprising property of ellipses was observed
by the physicist Jean-Marc Richard, in connection with a problem from ballistics [2,
p. 843].

Theorem 1. Let £ be an ellipse and f(d. d') the function of two diameters given by
the perimeter of the parallelogram with vertices d N E and d' N E (Figure 1). Then

fd) = sup f(d.d)
e

is constant (independent of d).

In other words, the maximal perimeter of a parallelogram inscribed in a given ellipse
can be realized by a parallelogram with one vertex at any prescribed point of the el-
lipse.

MATHEMATICAL ASSOCIATION OF AMERICA
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