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RAY TRACING

CURVED MIRRORS

2006
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POOL TABLE / JEU DE BILLIARDS
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ELASTIC

COLLISION

4
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ො𝑛
Ԧ𝑣

Ԧ𝑣′

Ԧ𝑣′ = ො𝑣 − 2 ො𝑛 . Ԧ𝑣 ො𝑛
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CAUSTICS
VIDEO
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https://youtu.be/A7mPzrNJHkA
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INCENTER

7
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TRIANGULAR 
ORBITS (2011)
VIDEO 1
VIDEO 2
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https://www.youtube.com/watch?v=BBsyM7RnswA
https://www.youtube.com/watch?v=9xU6T7hQMzs


MONGE’S 
ORTHOPTIC 
CIRCLE
VIDEO
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https://youtu.be/9fI3iM2jrmI


N=4 SELF-

INTERSECTING

VIDEO
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https://www.youtube.com/watch?v=SvAtvD6AMLo


SELF-

INTERSECTING 

PENTAGRAM

VIDEO

APPLET
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https://youtu.be/ECe4DptduJY
https://www.wolframcloud.com/objects/user-abf31092-d7c1-4e49-8701-dc65d547b021/pentagram%20N=5


PONCELET 

“PORISM”

Jean-Victor Poncelet

1788–1867
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ELLIPSE

13
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𝑓 𝑥, 𝑦 =
𝑥

𝑎

2

+
𝑦

𝑏

2

= 1

−∇𝑓(𝑥, 𝑦) = −2
𝑥/𝑎2

𝑦/𝑏2

𝑃 = (𝑥, 𝑦)



CONSERVATION 

OF MOMENTUM

14
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−∇𝑓(𝑃1)

𝑃1

Ԧ𝑣1

Ԧ𝑣𝑖 . ∇𝑓(𝑃𝑖) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

Ferdinand Joachimsthal

1818-1861

𝑃2

Ԧ𝑣2
−∇𝑓(𝑃2)Confocal “Caustic”

𝛼1

𝛼2



PERIMETER IS MAXIMAL & CONSTANT
[INTEGRABLE HAMILTONIAN]
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OUTLINE

 Loci of Triangular Centers

 Mittenpunkt is Stationary

 Two Constants of Motion

 Experimental Setup

 Conclusion

 Videos / Questions
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OF TRIANGULAR 

CENTERS
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MAJOR

TRIANGULAR 

CENTERS
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9-point center

Barycenter/

Centroid

Orthocenter

Circumcenter



LOCUS OF INCENTER IS ELLIPTIC, 2013
PROF. OLGA ROMASKEVICH,
UNIVERSITÉ DE RENNES, FRANCE
PDF
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https://pdfs.semanticscholar.org/e0a4/4c62befebf56472cda62589dacbc404f8710.pdf


LOCUS OF CIRCUMCENTER IS ELLIPTIC, 2016 (I)
PROF. RONALDO GARCIA
UNIVERSIDADE DE GOIÁS, BRAZIL
PDF
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https://arxiv.org/pdf/1607.00179v1.pdf


LOCUS OF CIRCUMCENTER IS ELLIPTIC, 2019 (II)
CORENTIN FIEROBE,
ENS-LYON, FRANCE
PDF
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https://arxiv.org/pdf/1807.11903.pdf


LOCUS OF BARYCENTER (FOR ALL N) IS ELLIPTIC, 2016
PROFS. RICHARD SCHWARTZ (BROWN) & SERGEI TABACHNIKOV (PENN STATE)
PDF

(C) 2019 DAN S. REZNIK 22

http://www.math.psu.edu/tabachni/prints/Poncelet5.pdf


KIMBERLING’S
ENCYCLOPEDIA 
OF TRIANGULAR 
CENTERS (ETC)
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https://faculty.evansville.edu/ck6/encyclopedia/ETC.html


ELLIPTIC LOCI

VIDEO

Euler

line
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https://youtu.be/MRtH6lZ0DSo


STATIONARITY
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HUNTING FOR 

A FIXED POINT
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Christian Heinrich von Nagel

(1803–1882)



THE 

MITTENPUNKT

VIDEO
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https://youtu.be/tMrBqfRBYik


PROOF SKETCH

(PROF. OLGA ROMASKEVICH)
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affine



GENERALIZE MITTENPUNKT FOR N>3
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* COSINE SUM

* COSINE PRODUCT
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THREE LITTLE 

CIRCLES
r

R 𝑟9
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COMPARING 

RADII
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known

proportionality

???



SCATTER
INRADIUS VS. 
CIRCUMRADIUS
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WONDER 

IDENTITY
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r

R

incircle

𝑟

𝑅
=

𝑖=1

3

𝜃𝑖

𝜃1

𝜃2

𝜃3



SUM OF COSINES = CONSTANT

q
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MAY 6TH, 2019

From: <Dan> To: <Sergei>

Dear Sergei, the r/R and sum of cosines is constant over all 
orbits!

From: <Sergei> To: <Dan>

Dear Dan, sorry to disappoint you: this identity holds in every 
triangle (without relation to billiards)

From: <Dan> To: <Sergei>

Dear Sergei, we were aware of the identity. But they are both 
staying constant over all orbits!

From: <Sergei> To: <Dan>

Oh, I see: the claim is that for a triangular orbit the sum of 
cosines is an integral. This is new to me.
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𝑟

𝑅
=

𝑖=1

3

𝜃𝑖



WHAT ABOUT 

N>3?

37
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N=4:

MONGE’S 

ORTHOPTIC 

CIRCLE

VIDEO
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Gaspard Monge

(1746–1818)

𝑥

𝑎

2

+
𝑦

𝑏

2

= 1

𝑥2 + 𝑦2 = 𝑎2 + 𝑏2

https://youtu.be/nMGheF5t1bE


CONVERSATION WITH JAIR

MAY 29, 2019.

N=3: Triangle

• r/R = constant

• r/R = 1+cosA+cosB+cosC

N=4: Parallelogram

• Consecutive angles supplementary:

cosA=-cosB,    cosC=-cosD

• So: cosA+cosB+cosC+cosD=0

• Conserves cosine “sum”N=5: Pentagon

• Dan: Could it work?

• Jair: Try it!!!
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N=5 WORKS!!!
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N=3~100 ALSO 

CONSERVES 

σCOS𝜃𝑖

41
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JULY 3RD, 2019

 From: <Sergei>, To: <Dan>

Dear Dan: Richard and I have a proof 

that the sum of cosines is constant. 

Best, Sergei

 From: <Dan>, To: <Sergei>

Wizardry!
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SKETCH OF PROOF (TABACHNIKOV ET AL.)

 cos 𝛼 = −
∇𝑓.ො𝑣

∇𝑓
=

𝑐

∇𝑓
; cos 2𝛼 = 2 (cos 𝛼)2−1

 σcos(2𝛼𝑖) = 2𝑐 σ
1

|∇𝑓(𝑃𝑖)|
2 − 𝑁

 Complexify and analyze the poles of σ
1

|∇𝑓(𝑃𝑖)|
2 over orbit as 

function on elliptic curve covering the conic

 Show complex poles of σ
1

|∇𝑓(𝑃𝑖)|
2 cancel each other

 So one has a meromorphic function without poles, hence a constant.

 In fact, there are 
𝑛−1

2
conserved quantities.
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𝛼𝑖

−∇𝑓(𝑃𝑖)

𝑃𝑖

Joachimsthal

Prove: σcos(2𝛼𝑖) 𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡



JULY 25TH 2019

TANGENT 

POLYGON

CONSERVES 

*PRODUCT* OF 

COSINES

46
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NUMERICAL 

PLAYGROUND
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EXPERIMENTAL 
PLAYGROUND

LINK
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https://www.wolframcloud.com/objects/user-abf31092-d7c1-4e49-8701-dc65d547b021/triangle%20in%20elliptic%20billiard%20v1


HUNTING 1

49
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HUNTING 2

50
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MY LEARNING PROCESS
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CURIOSITY EXPERIMENTATION LEARNING (RE)DISCOVERING



MAIN RESULTS

& QUESTIONS

 Invariants for ∀𝑁

 “Mittenpunkt” stationary at billiard center

 Integrals of motion:

 σcos 𝜃𝑖 = 𝑘

 ςcos 𝜃𝑖′ = 𝑘′

 Open questions:

 Elliptic vs non-elliptic loci?

 Non-euclidean invariants?
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OUR WEBPAGE:  

BIT.LY/2JISAQ1
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https://dan-reznik.github.io/Elliptical-Billiards-Triangular-Orbits/


MEDIA GALLERY

LINK
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lliptical-Billiards-Triangular-Orbits/#4_media_by_the_authors


THANKING MATHEMATICIANS
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Prof. Olga

Romaskevich

Prof. Sergei

Tabachnikov

Prof. Richard

Schwartz

Corentin

Fierobe

Prof. Igor

Minevich

Prof. Arseniy

Akopyan



THANKING CO-

AUTHORS / 

MENTORS
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THANKING FRIENDS AT IMPA
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Prof. Paulo Ney

de Souza

Prof. Jorge P.

Zubelli



THANK YOU
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FEUERBACH 

PHENOMENA
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FEUERBACH’S 

THEOREM

63
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Karl Wilhelm Feuerbach

1800-1834
X(11)

extouch points
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Prof. Igor Minevich

Boston College



1) FEUERBACH POINT SWEEPS 
BILLIARD

2) ANTICOMPLEMENT OF FEUERBACH 
SWEEPS BILLIARD

3) EXTOUCHPOINTS SWEEP BILLIARD 
(IN REVERSE!)

VIDEO
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https://youtu.be/TXdg7tUl8lc


IN GENERAL 

LOCI ARE NON-

ELLIPTIC

GALLERY W/ 700 

LOCI
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https://dan-reznik.github.io/Elliptical-Billiards-Triangular-Orbits/loci_6tri.html


NON-ELLIPTIC LOCI:
1) MEDIAN
2) INTOUCH
3) FEUERBACH TRIANGLE

VIDEO
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https://youtu.be/OGvCQbYqJyI


STATIONARY 

CIRCLES
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CAN YOU GET 

A CIRCLE FROM 

AN ELLIPSE?
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PONCELET-

DARBOUX GRID

VIDEO
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Jean-Gaston Darboux

1842-1917

https://www.youtube.com/watch?v=ECo1hTCVuDg


MONGE-DARBOUX

CIRCLES:

A COMMON RULE

VIDEO
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Jean-Gaston Darboux

1842-1917

https://youtu.be/dINE4aH1cvk


STATIONARY 

CIRCLES FOR 

ALL!

VIDEO
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https://youtu.be/EFeINGIDFrg
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This is a very nice fact. I did not know it 
before. Theorems of this type can be 
seen by analyzing a projective Poncelet 
picture. --Arseniy Akopyan, July 13, 2019

I didn’t know this fact, and I don’t know 
whether it’s new. However, here is an 
easy proof.  --Sergei, July 13, 2019

This new phenomenon doesn't seem to 
follow from the Poncelet Grid [...] I 
don't really see how to prove this circle 
result right away. --Richard, July 16, 2019



MEET THE

COSINE CIRCLE

LINK

=X(6)
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http://mathworld.wolfram.com/CosineCircle.html


SYMMEDIAN 

POINT X(6)
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SYMM OF 

EXCENTRAL = 

MITTEN OF 

REFERENCE

K’=M

(C) 2019 DAN S. REZNIK 82



COSINE CIRCLE 

CONSTRUCTION

(C) 2019 DAN S. REZNIK 83



SIMPLER COSINE 

CIRCLE 

CONSTRUCTION
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RADIUS OF COSINE CIRCLE IS NON-LINEAR ON SIDES

𝑟𝑐𝑐 =
𝑎 𝑏 𝑐

𝑎2 +𝑏2 +𝑐2

a

b

c

𝑟𝑐𝑐
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RADIUS REMAINS
CONSTANT FOR 
ALL ORBITS!
VIDEO 1
VIDEO 2
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https://youtu.be/ACinCf-D_Ok
https://youtu.be/CrOSI8d8qDc


CONSERVATION 

EQUATIONS
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Joachimsthal:     M1 M2 is conserved



To prove these 

relationships, just  get  the 

coordinates of  Xo







SLIDES NOT 

USED
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Gaspard

Monge

1746–1818

Jean-Victor

Poncelet

1788–1867

Karl Wilhelm

Feuerbach

1800–1834

Ferdinand

Joachimsthal

1818–1861

Christian Heinrich

von Nagel

1803–1882

Jean-Gaston

Darboux

1842–1917



PROOF OF 
𝑟

𝑅
CONSTANCY

 Incenter locus is elliptic [Prof. Romaskevich]

 Area ratio:  
𝐴𝐼

𝐴0
=

𝑟

2𝑅
[Prof. Garcia]

 Both are stationary => r/R constant.
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𝐴𝐼

𝐴0
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CONSTANT INRADIUS/CIRCUMRADIUS
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R r
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CIRCUMBILLIARDS

VIDEO AND APPLET
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https://youtu.be/vSCnorIJ2X8
https://www.wolframcloud.com/objects/user-abf31092-d7c1-4e49-8701-dc65d547b021/circumbilliard%20and%20anticomplementary


NINE-POINT 

CIRCLE

X(5)

N
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WONDER FORMULA II:

(C) 2019 DAN S. REZNIK 104

cos 𝜃1
′ cos 𝜃2

′ cos 𝜃3
′ =

𝑟𝐻

4𝑅𝐻

𝜃𝑖
′

𝑯′ = 𝑰

orthic



LOCUS / LOCI
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BRAZILIAN HOMAGE TO GASPARD! VIDEO
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https://youtu.be/PHitZFbps8M


ELASTIC 

TRAJECTORY

ELLIPTIC 

BILLIARD

APPLET
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http://demonstrations.wolfram.com/DynamicBilliardsInEllipse/


EXCENTRAL OBJECTS:

1) EXCENTRAL 
TRIANGLE
2) EXCIRCLES
3) EXTOUCHPOINTS
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PAUL LOCKHART:

 Mathematics is about removing 

obstacles to our intuition and keeping 

simple things simple.

 Math is not about following 

directions, it’s about making new 

directions.
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TRYING TO FIND 
GOLD IN A 
SILVER MINE

TRYING TO 
DRINK WHISKEY 
FROM A BOTTLE 
OF WINE
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SPIROGRAPH
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GARRINCHA E BILHARES:
JÁ COMBINOU COM OS RUSSOS?
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X(100): 

ANTICOMPLEMENT 

OF FEUERBACH

113
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CONSERVATION 

OF MOMENTUM

114
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𝑓 𝑥, 𝑦 =
𝑥

𝑎

2

+
𝑦

𝑏

2

= 1

−∇𝑓(𝑥, 𝑦) = −2
𝑥/𝑎2

𝑦/𝑏2

𝑃 = (𝑥, 𝑦)



TRILINEAR VS BARYCENTRIC COORDINATES
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𝜃𝑖

𝜃𝑖
′

cos𝜃𝑖 = 𝑘

ෑcos𝜃𝑖
′ = 𝑘′
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