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Elliptic Billiard: Surprising New Properties

D. Reznik – Upper West Soluções

R. Garcia – Univ. Federal de Goiás

J. Koiller – Univ. Federal de Juiz de Fora
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Section 1

Preliminaries
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Billiard Trajectories [video]

P1

P2

P3

P4

P5

n1

n2

n3

n4
P1

P2

P3

n1

n2

n3
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Integrability & Conservation

Energy =⇒ L = const.

Joachmisthal’s =⇒ γ =
1

2
̂.∇ƒ (P) = const.
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N = 3 Caustic [video]
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Poncelet’s Porism
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Section 2

Locus Pocus
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Triangle Geometry

X1 X2

X3
X4

X5

X1

X5

X11

e1
e2

e3

P'1

P'2

P'3

X9

P1

P2

P3

X1 Incenter
X2 Barycenter
X3 Circumcenter
X4 Orthocenter
X5 9-Point center
X9 Mittenpunkt
X11 Feuerbach Point
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Locus of Incenter is Elliptic [video]
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Locus Intouch Points is Sextic [video]
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Interactive Applet
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Locus of Excenters is Elliptic [video]
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Encyclopedia of Triangular Centers [ETC]
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Elliptic Loci of Major Triangular Centers [video]
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https://youtu.be/sMcNzcYaqtg
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Derived Triangles [video]

billiard
caustic
orbit
medial
orthic
intouch
excentral
extouch
anticompl
feuerbach
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Loci of Vertices of Derived Triangles [video]

Billiard

X11 & Extouch

Intouch

Feuerbach

Medial
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Feuerbach, Anticomplement, and Extouchpoints [video]

X9

P1(t)

X2

X100

X11

e1

e2

e3
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Symmedian Point: Quasi-Elliptic Convex Quartic
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Orthic Incenter: Four Kinks [video]
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Intouchpoints of Anticomplementary Track Billiard [video]
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A Circular Locus! [video]

r∗ =
1

γ
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Section 3

A Point Locus!
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Mittenpunkt is Stationary [video]
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Circumbilliard [video]
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Section 4

The Beautiful Ratio
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Three Little Radii [video]
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Plotting Radii
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A New Constant of Motion!

r

R
= γL − 4
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Section 5

Three Amazing Corollaries
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Sum of Orbit Cosines is Conserved!

3∑
=1

cosθ = 1 +
r

R
= γL − 3
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Product of Excentral Cosines is Conserved! [video]

3∏
=1

| cosθ′ | =
1

4

rh

Rh
=
γL

4
− 1
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Orbit-to-Excentral Area Ratio is Conserved!

Ah

Ae
=
1

2

rh

Rh
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Section 6

Generalize ∀N
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Monge’s Orthoptic Circle [video]

* Stationary Circle
* Rectangle diagonals.
*
∑
cosθ = 0.

*
∏

cosθ′ = 0.
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Generalized Stationary Circle [video 1] and [video 2]

=⇒ E ′ ∩ −E ′+1 is a stationary circle of r∗ = 1/γ
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N > 3 Mittenpunkt [video 1] and Extouchpoints [video 2]
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Cosine Sums for N > 3
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Sum, Product, Area Ratios are Conserved!

=⇒ ∑N=1 cosθ conserved ∀N.
=⇒ ∏N=1 cosθ′ conserved ∀N.
=⇒ A′/A conserved ∀N odd.
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Summary

0) Integrability
constants

1) Loci

• Elliptic
• Non-Elliptic
• Quasi-Elliptic
• Point
• Circle

2) Constant Τ𝑟 𝑅

Constant:
• σcos 𝜃𝑖
•ςcos𝜃𝑖

′

• Τ𝐴′ 𝐴

• Perimeter L
• Angular Mom. 𝛾

3) Mittenpunkt 
𝑋9 = 0

4) Stationary 
Cosine Circle

𝑁 = 3 𝑁 = 4

Generalized 
Mittenpunkt

Generalized 
Stationary Circle

Constant:
• σcos 𝜃𝑖
•ςcos𝜃𝑖

′

• Τ𝐴′ 𝐴 (odd N)

Constant:
• σcos 𝜃𝑖 = 0
•ςcos𝜃𝑖

′ = 0
• Τ𝐴′ 𝐴 not constant

𝑟∗ = Τ1 𝛾

Spatial Integrals
1

𝑘2/3𝑑𝑠ׯ
ර𝑓(𝑠) 𝑘2/3𝑑𝑠

∀𝑁

Circumbilliard

𝑟∗ =
𝐿

Τ𝑟 𝑅 + 4

Τ𝑟 𝑅 = 𝛾𝐿 − 4
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Project’s [Homepage]
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Questions

* N = 3: why is a locus is elliptic or non?
* Invariants for Ellipsoidal (3d) Billiard?
* Invariants in self-intersecting orbits? (N=4 and N=5)
* Invariants in non-billiard (Poncelet) orbit families?
* Invariants for orbits on sphere?

Thanks!
dreznik[@]gmail[.]com
ragarcia[@]ufg[.]br
jairkoiller[@]gmail[.]com
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https://youtu.be/cCYxN7ueGV4
https://youtu.be/ECe4DptduJY
dreznik@gmail.com
ragarcia@ufg.br
jairkoiller@gmail.com
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